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ALGEBRAIC CHARACTERIZATION OF THE SSC ∆s(G
1
n,r)
AGHA KASHIF1, ZAHID RAZA2, IMRAN ANWAR3
Abstract. In this paper, we characterize the set of spanning trees of G1
n,r
(a sim-
ple connected graph consisting of n edges, containing exactly one 1-edge-connected
chain of r cycles C1
r
and G1
n,r
\ C1
r
is a forest). We compute the Hilbert series of
the face ring k[∆s(G1n,r)] for the spanning simplicial complex ∆s(G
1
n,r
). Also, we
characterize associated primes of the facet ideal IF (∆s(G1n,r)). Furthermore, we
prove that the face ring k[∆s(G1n,r)] is Cohen-Macaulay.
Key words: simplicial complex, f -vector, face ring, facet ideal, spanning trees,
primary decomposition, Hilbert series, Cohen-Macaulay ring.
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1. introduction
The study of simplicial complexes arising form a simple graph has been an impor-
tant topic and attracted good literature. One popular chapter of this literature is
the complementary simplicial complex ∆G of a graph G; for example, see [12]. The
notion of spanning simplicial complex (SSC) ∆s(G) associated to a simple connected
graph G(V,E) was firstly introduced in [1]. For uni-cyclic graphs Un,m, it is proved
that ∆s(Un,m) is shifted in [1]. Zhu, Shi and Geng [13] further investigated the
algebraic and combinatorial properties of SSC associated to n-cyclic graphs with
a common edge. In [9], the authors investigated the algebraic properties of SSC
∆s(Gn,r) associated to r-cyclic graphs Gn,r (containing exactly r cycles having no
edge in common). Moreover, they proved that the facet ideal IF(∆s(Gn,r)) has
linear quotients with respect to its generating set and computed the betti numbers
of IF (∆s(Gn,r)) for particular cases. Some other interesting classes of simple finite
connected graphs are studied for SSC by Pan, Li and Zhu in [11] and Guo and Wu
in [6].
In this paper, we investigate the class of spanning simplicial complexes ∆s(G
1
n,r) as-
sociated to G1n,r. Where G
1
n,r is a connected graph having n edges, containing exactly
one 1-edge-connected chain of r cycles C1r and G
1
n,r \ C
1
r is a forest. In other words,
G1n,r is a graph consisting of r cycles such that every pair of consecutive cycles have
exactly one edge common between them. If C1, C2, . . . , Cr are the r cycles of the
graph G1n,r forming C
1
r with respective lengths m1, m2, . . . , mr then we fix the label
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of edge set of G1n,r as follows;
(1) E = {e11, . . . , e1m1 , e21, . . . , e1m2−1, . . . , er1, . . . , ermr−1, e1, . . . , et}
where, t = n−
r∑
i=1
mi+(r−1) and {ei1, . . . , eiv} is the edge-set of ith-cycle such that
v = m1 for i = 1, v = mi − 1 for i > 1 and ei1 always represents the common edge
between ith and (i+1)th-cycle (for 1 ≤ i < r). We give the characterization of s(G1n,r)
in 3.4. The formulation for f − vectors is presented in 3.5 which further applied
to device a formula to compute the Hilbert series of the face ring k
[
∆s(G
1
n,r)
]
(see
3.7). Moreover in 4.1, we characterize of all the associated primes of the facet ideal
IF(∆s(G
1
n,r)). Finally, we prove that the face ring k[∆s(G
1
n,r)] is Cohen-Macaulay in
5.4.
2. Background and basic notions
In this section, we give some background and preliminaries of the topic and define
some notions that will be useful in the sequel.
Definition 2.1. A spanning tree of a simple connected finite graph G(V,E) is a
subtree of G that contains every vertex of G. We represent the collection of all
edge-sets of the spanning trees of G by s(G), in other words;
s(G) := {E(Ti) ⊂ E, where Ti is a spanning tree of G}.
For any simple connected graph G, the authors mentioned the cutting-down method
to obtain all the spanning trees of G in [1]. According to this method a spanning tree
is obtained by removing one edge from each cycle appearing in the graph. However,
for the graph G1n,r with r cycles having one edge common in every consecutive cycles
and the labeling given in (1), one can obtain its spanning trees by removing exactly
r edges from the graph with not more than two edges deleted from any cycle. Also,
keeping in view that if a common edge between two cycles is removed then only one
edge can be removed from the non common edges explicitly from the cycles on the
either side of the common edge.
For example by using the above said cutting-down method for the graph G110,2 given
in fig. 1:
s(G110,2) =
{
{e1, e2, e3, e4, e13, e11, e23, e21}, {e1, e2, e3, e4, e13, e11, e23, e22},
{e1, e2, e3, e4, e13, e11, e21, e22}, {e1, e2, e3, e4, e13, e23, e21, e22}, {e1, e2, e3, e4, e12, e11, e23, e21},
{e1, e2, e3, e4, e12, e11, e23, e22}, {e1, e2, e3, e4, e12, e11, e21, e22}, {e1, e2, e3, e4, e12, e23, e21, e22},
{e1, e2, e3, e4, e13, e12, e23, e22}, {e1, e2, e3, e4, e13, e12, e23, e21}, {e1, e2, e3, e4, e13, e12, e21, e22},
{e1, e2, e3, e4, e13, e23, e21, e22}, {e1, e2, e3, e4, e12, e23, e21, e22}
}
••
e13
e11
✡
✡
✡✡
•
e1
•
e12 e21 e3
e23 e2 e4
e22
• • •
••
Fig. 1 . G110,2
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Definition 2.2. A simplicial complex ∆ over a finite set [n] = {1, 2, . . . , n} is a
collection of subsets of [n], with the property that {i} ∈ ∆ for all i ∈ [n], and if
F ∈ ∆ then ∆ will contain all the subsets of F (including the empty set). An
element of ∆ is called a face of ∆, and the dimension of a face F of ∆ is defined as
|F | − 1, where |F | is the number of vertices of F . The maximal faces of ∆ under
inclusion are called facets of ∆. The dimension of the simplicial complex ∆ is :
dim∆ = max{dimF |F ∈ ∆}.
We denote the simplicial complex ∆ with facets {F1, . . . , Fq} by
∆ =
〈
F1, . . . , Fq
〉
Definition 2.3. For a simplicial complex ∆ over [n] having dimension d, its f −
vector is a d+ 1-tuple, defined as:
f(∆) = (f0, f1, . . . , fd)
where fi denotes the number of i− dimensional faces in ∆.
Definition 2.4. (Spanning Simplicial Complex )
Let G(V,E) be a a simple finite connected graph and s(G) = {E1, E2, . . . , Et} be
the edge-set of all possible spanning trees of G(V,E), then we defined (in [1]) a
simplicial complex ∆s(G) on E such that the facets of ∆s(G) are precisely the
elements of s(G), we call ∆s(G) as the spanning simplicial complex of G(V,E). In
other words;
∆s(G) =
〈
E1, E2, . . . , Et
〉
.
Here we recall a definition from [4].
Definition 2.5. Let ∆ be a simplicial complex with vertex set V = [n] and facets
F1, F2, . . . , Fq. A vertex cover for ∆ is a subset A of V such that A ∩ Fi 6= ∅ for all
i ∈ {1, 2, . . . , q}. A minimal vertex cover of ∆ is a subset A of V such that A is a
vertex cover, and no proper subset of A is a vertex cover for ∆.
For example, theminimal vertex covers for the spanning simplicial complex∆s(G
1
10,2)
given in Fig. 1, are as follows:
{e1}, {e2}, {e3}, {e4}, {e13, e12}, {e23, e22}
3. Spanning trees of G1n,r and Face ring ∆s(G
1
n,r)
In this section, we discuss the combinatorial properties of G1n,r. We use τ(G
1
n,r) to
denote the total number of cycles contained in G1n,r. We begin with the elementary
result, that tells the total number of cycles contained by G1n,r.
Proposition 3.1. The total number of cycles in the graph G1n,r will be
τ(G1n,r) =
r(r + 1)
2
3
Proof. As the graph G1n,r contains one-edge connected chain C
1
r of r cycles {C1, C2, . . . , Cr}.
By removing the common edges between any number of consecutive cycles, we ob-
tain a cycle by the remaining edges. The cycle obtained in this way by adjoining
consecutive cycles Ci, Ci+1, . . . , Ci+k is denoted by Ci,i+1,...,i+k. Therefore, we get
the following cycles
C1,2, C2,3, . . . , Cr−1,r, C1,2,3, . . . , Cr−2,r−1,r, . . . , C2,3,...,r, C12,3,...,r
Hence, the set of all possible cycles contained in the graph G1n,r will be
{Ci,i+1,...,i+k | i ∈ {1, 2, . . . , r − k} and 0 ≤ k ≤ r − 1}.
Therefore, we get the total number of cycles contained in the graph G1n,r as
τ(G1n,r) =
r−1∑
k=0
r−k∑
i=1
1 =
r(r + 1)
2
.

It is clear from above proposition that the cycle Ci,i+1,...,i+k is obtained by removing
the common edges in between the adjacent cycles Ci, Ci+1, . . . , Ci+k. We denote the
length of cycle Ci,i+1,...,i+k by |Ci,i+1,...,i+k|.
Proposition 3.2. Let G1n,r be a graph containing the one-edge connected chain C
1
r
of r cycles {C1, C2, . . . , Cr}, then the length of cycle Ci,i+1,...,i+k will be
∣∣∣Ci,i+1,...,i+k∣∣∣ = k∑
α=0
∣∣Ci+α∣∣− 2k.
Proof. It is clear from above that Ci,i+1,...,i+k is obtained by deleting the common
edges shared by the adjacent cycles {Ci, Ci+1, . . . , Ci+k} in G
1
n,r. Therefore, the
length of the cycle Ci,i+1,...,i+k is obtained by adding lengths of all Ci, Ci+1, . . . , Ci+k
and subtracting 2k from it, since the common edges are being counted twice. Hence,
we have ∣∣∣Ci,i+1,...,i+k∣∣∣ = k∑
α=0
∣∣Ci+α∣∣− 2k.

We use |Ci,i+1,...,i+k
⋂
Cj,j+1,...,j+l| to denote the number of edges shared by
the cycles Ci,i+1,...,i+k and Cj,j+1,...,j+l. The following proposition characterizes
|Ci,i+1,...,i+k
⋂
Cj,j+1,...,j+l| in G
1
n,r.
Proposition 3.3. Let G1n,r be a graph containing the one-edge connected chain C
1
r
of r cycles {C1, C2, . . . , Cr} of lengths m1, m2, . . . , mr, then for 1 ≤ k ≤ l ≤ r we
4
have
∣∣∣Ci,i+1,...,i+k⋂Cj,j+1,...,j+l∣∣∣ =


1, i+ k = j − 1;
|Cj,j+1,...,j+α| − 2, i+ k = j + α; 0 ≤ α ≤ k − 1;
|Cj,j+1,...,j+k| − 1, i+ k = j + k;
|Cj,j+1,...,j+l|, i+ k = j + l and l = k;
|Ci,i+1,...,i+k| − 2, i+ k = j + α; k + 1 ≤ α ≤ l − 1;
|Ci,i+1,...,i+k| − 1, i+ k = j + l;
|Ci,i+1,...,i+k−α| − 2, i+ k = j + l + α; 1 ≤ α ≤ k;
1, i = j + l + 1;
0, otherwise.
Proof. Here we denote mi,i+1,...,i+k =
∣∣∣Ci,i+1,...,i+k∣∣∣.
Now for 1 ≤ k ≤ l ≤ r we discuss the following cases for
∣∣∣Ci,i+1,...,i+k⋂Cj,j+1,...,j+l∣∣∣ :
Case (i): If i+k = j−1, then the right most edges of the cycle Ci,i+1,...,i+k are
from its adjoining cycle Ci+k and the left most edges of the cycle Cj,j+1,...,j+l
are from its adjoining cycle Cj+l, and since Ci+k and Cj+l are consecutive so
they have only one edge in common.
Case (ii): If i + k = j + α; 0 ≤ α ≤ k − 1, then the left most α adjoining
cycles of the cycles of Cj,j+1,...,j+l, i.e., Cj, Cj+1, . . . , Cj+α coincide with the
right most α adjoining cycles of the cycles of Ci,i+1,...,i+k. Therefore, the
intersection Ci,i+1,...,i+k
⋂
Cj,j+1,...,j+l will contain all edges of Cj,j+1,...,j+α ex-
cept its two edges, one the edge of Cj,j+1,...,j+α which is the common edge of
Cj+α and Cj+α+1 and second the edge of Cj,j+1,...,j+α which is common edge
between Cj and Cj−1.
Case (iii): If i + k = j + k and k < l, then i = j and therefore the cycle
Ci,i+1,...,i+k lies completely in the cycle Cj,j+1,...,j+l except its one edge which
is the common edge between its adjoining cycle Cj+k and the cycle Cj+k+1.
Therefore the intersection Ci,i+1,...,i+k
⋂
Cj,j+1,...,j+l will contain all edges of
Cj,j+1,...,j+k except one.
Case (iv): If i+k = j+l+α; 1 ≤ α ≤ k, then the left most k−α+1 adjoining
cycles of the cycle Ci,i+1,...,i+k, which are Ci, Ci+1, . . . , Ci+k−α coincide with
the right most k− α+ 1 adjoining cycles of the cycle Cj,j+1,...,j+l. Hence the
intersection Ci,i+1,...,i+k
⋂
Cj,j+1,...,j+l will contain all the edges of the cycle
Ci,i+1,...,i+k−α except two; one is the common edge of its adjoining cycle Ci
and the cycle Ci−1 and the other is the common edge of its adjoining cycle
Ci+k−α and the cycle Ci+k−α+1.
The remaining cases can be proved in the similar way. 
Lemma 3.4. Characterization of s(G1n,r)
Let G1n,r be the r−cycles graph with edge set E as defined in eq (1), then a subset
E(T(j1i1,j2i2,...,jrir)) ⊂ E, where jα ∈ {1, 2, . . . , r}, iα ∈ {1, 2, . . . , mjα − 1}; jα ≥ 2
and iα ∈ {1, 2, . . . , m1}; jα = 1, will belong to s(G
1
n,r) if and only if it satisfies any
of the following:
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(1) if jαiα 6= jα1 for all α except for which jαiα = riα, then E(T(j1i1,j2i2,...,jrir)) =
E \ {e1i1 , e2i2 , . . . , erir}
(2) if jαiα = jα1 for any α, then E(T(j1i1,j2i2,...,jrir)) = E \ {ej1i1 , ej2i2 , . . . , ejrir}
where, {ej1i1 , ej2i2 , . . . , ejα−1iα−1, ejα+1iα+1, . . . , ejrir} will contain exactly one
edge from Cjα(jα+1) \ {e(jα−1)1, ejα1}.
(3) if jαiα = jα1 for α ∈ {r1, r1 + 1, . . . , r2}, where 1 ≤ r1 < r2 < r then
(a) if ejr11, ej(r1+1)1, . . . , ejr21 are common edges from consecutive cycles then
E(T(j1i1,j2i2,...,jrir)) = E\{ej1i1, ej2i2, . . . , ejrir} such that {ej1i1 , ej2i2 , . . . , ejrir}\
{ejr11, ej(r1+1)1, . . . , ejr21} will contain exactly one edge fromCjr1j(r1+1),...,jr2\
{e(jr1−1)1, ejr21},
(b) if none of ejr11, ej(r1+1)1, . . . , ejr21 are common edges from consecutive
cycles then E(T(j1i1,j2i2,...,jrir)) = E \ {ej1i1 , ej2i2 , . . . , ejrir} such that for
each edge ejrt1 case 2 holds.
(c) if some of ejr11, ej(r1+1)1, . . . , ejr21 are common edges from consecutive cy-
cles then E(T(j1i1,j2i2,...,jrir)) = E \{ej1i1, ej2i2 , . . . , ejrir} such that (3.(a))
is satisfied for the common edges of consecutive cycles and (3.(b)) is sat-
isfied for remaining common edges.
In particular, if we denote the above classes of subsets of E by C(1), C(2), C(3a), C(3b), C(3c)
respectively then,
s(G1n,r) = C(1)
⋃
C(2)
⋃
C(3a)
⋃
C(3b)
⋃
C(3c)
Proof. Since G1n,r is a r-cycles graph with cycles C1, C2, . . . , Cr and e11, e21, . . . , e(r−1)1
as common edges between consecutive cycles and by cutting down process a total
of r edges must be removed with not more than one edges from the non common
edges of each cycle. Therefore, in order to obtain a spanning tree of G1n,r with none
of common edges e11, e21, . . . , e(r−1)1 to be removed, we need to remove exactly one
edge from the non common edges from each cycle. This explains the case (1) of the
above lemma.
Now for a spanning tree of G1n,r such that exactly one common edge ejα1 is re-
moved, we need to remove precisely r−1 edges using cutting down process from the
remaining edges. However, from the non common edges of the cycle Cjα(jα+1) , we
cannot remove more than one edge (since that will result in a disconnected graph).
This explains the proof of case of (2) of the lemma.
Next for the case (3.a), we need to obtain a spanning tree of G1n,r such that r2−r1
common edges must be removed from consecutive cycles. If Cjr1 , Cjr1+1 , . . . , Cjr2 are
consecutive cycles then the remaining r− (r1− r2) edges must be removed in such a
way that exactly one edge is removed from the non common edges of Cjr1j(r1+1),...,jr2
and the remaining r − (r1 − r2) cycles of the graph G
1
n,r which concludes the case.
The remaining cases of the lemma can be visualised in similar manner using the
above cases . Consequently, if we denote the above disjoint classes of subsets of E
by C(1), C(2), C(3a), C(3b), C(3c) respectively, then, we get the desired result for s(G
1
n,r)
as follows:
s(G1n,r) = C(1)
⋃
C(2)
⋃
C(3a)
⋃
C(3b)
⋃
C(3c)
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Our next result is the characterization of the f -vector of ∆s(G
1
n,r).
Proposition 3.5. Let ∆s(G
1
n,r) be a spanning simplicial complex of the graph G
1
n,r,
then the dim(∆s(G
1
n,r)) = n−r−1 with f−vector f(∆s(G
1
n,r)) = (f0, f1, . . . , fn−r−1)
and
fi =
(
n
i+ 1
)
+
τ∑
k=1
(−1)k
 k∑
j=1
r−1∑
ksj=0
r−ksj∑
isj=1


n−
k∑
j=1
misj ,isj+1,...,isj+ksj +
k∑
u,v=1
∣∣Cisu ,isu+1,...,isu+ksu ⋂Cisv ,isv+1,...,isv+ksv ∣∣
i+ 1−
k∑
j=1
misj ,isj+1,...,isj+ksj +
k∑
u,v=1
∣∣Cisu ,isu+1,...,isu+ksu ⋂Cisv ,isv+1,...,isv+ksv ∣∣




where 0 ≤ i ≤ n− r − 1
Proof. Let E be the edge set of G1n,r and C(1), C(2), C(3a), C(3b), C(3c) are disjoint classes
of spanning trees of G1n,r then from lemma 3.2 we have
s(G1n,r) = C(1)
⋃
C(2)
⋃
C(3a)
⋃
C(3b)
⋃
C(3c)
Therefore, by definition 2.4 we can write
∆s(G
1
n,r) =
〈
C(1)
⋃
C(2)
⋃
C(3a)
⋃
C(3b)
⋃
C(3c)
〉
Since each facet Eˆ(j1i1,j2i2,...,jrir) = E(T(j1i1,j2i2,...,jrir)) is obtained by deleting ex-
actly r edges from the edge set of G1n,r, keeping in view lemma 3.2, therefore dimen-
sion of each facet is same i.e., n− r− 1 ( since |Eˆ(j1i1,j2i2,...,jrir)| = n− r ) and hence
dimension of ∆s(G
1
n,r) will be n− r − 1.
Also it is clear from the definition of ∆s(G
1
n,r) that it contains all those subsets
of E which do not contain the sets {e11, . . . , e1m1} and {e(i−1)1, ei1, . . . , eimi−1} for
all 2 ≤ i ≤ r, i.e., those subsets of E which do not contain any cycle in the graph G1n,r.
Now by lemma 3.1 the total cycles in the graph G1n,r are Ci,i+1,...,i+k i ∈
{1, 2, . . . , r − k} and 0 ≤ k ≤ r − 1, and their total number is τ . Let F be
any subset of E of order i + 1 such that it does not contain any Ci,i+1,...,i+k i ∈
{1, 2, . . . , r − k} and 0 ≤ k ≤ r − 1, in it. The total number of such F is indeed fi.
We use inclusion exclusion principle to find this number. Therefore,
fi = Total number of subsets of E of order i + 1 not containing Ci,i+1,...,i+k; i ∈
{1, 2, . . . , r − k} and 0 ≤ k ≤ r − 1.
By Inclusion Exclusion Principle we have,
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fi =
(
Total number of subsets of E of order i+1
)
−
( 1∑
j=1
r−1∑
ksj=0
r−ksj∑
isj=1
number of sub-
sets of E of order i+1 containing Cisj ,isj+1,...,isj+ksj
)
+
( 2∑
j=1
r−1∑
ksj=0
r−ksj∑
isj=1
number of sub-
sets of E of order i+1 containing both Cisj ,isj+1,...,isj+ksj
)
−· · ·+(−1)τ
( τ∑
j=1
r−1∑
ksj=0
r−ksj∑
isj=1
number of subsets of E of order i+ 1 containing each Cisj ,isj+1,...,isj+ksj
)
This implies
fi =
(
n
i+ 1
)
−
[ 1∑
j=1
r−1∑
ksj=0
r−ksj∑
isj=1
(
n−mis1 ,is1+1,...,is1+ks1
i+ 1−mis1 ,is1+1,...,is1+ks1
)]
+

 2∑
j=1
r−1∑
ksj=0
r−ksj∑
isj=1


n−
2∑
j=1
misj ,isj+1,...,isj+ksj +
2∑
u,v=1
∣∣Cisu ,isu+1,...,isu+ksu ⋂Cisv ,isv+1,...,isv+ksv ∣∣
i+ 1−
2∑
j=1
misj ,isj+1,...,isj+ksj +
2∑
u,v=1
∣∣Cisu ,isu+1,...,isu+ksu ⋂Cisv ,isv+1,...,isv+ksv ∣∣




− · · ·+ (−1)τ
 τ∑
j=1
r−1∑
ksj=0
r−ksj∑
isj=1


n−
τ∑
j=1
misj ,isj+1,...,isj+ksj +
τ∑
u,v=1
∣∣Cisu ,isu+1,...,isu+ksu ⋂Cisv ,isv+1,...,isv+ksv ∣∣
i+ 1−
τ∑
j=1
misj ,isj+1,...,isj+ksj +
τ∑
u,v=1
∣∣Cisu ,isu+1,...,isu+ksu ⋂Cisv ,isv+1,...,isv+ksv ∣∣




This implies
fi =
(
n
i+ 1
)
+
τ∑
k=1
(−1)k
 k∑
j=1
r−1∑
ksj=0
r−ksj∑
isj=1


n−
k∑
j=1
misj ,isj+1,...,isj+ksj +
k∑
u,v=1
∣∣Cisu ,isu+1,...,isu+ksu ⋂Cisv ,isv+1,...,isv+ksv ∣∣
i+ 1−
k∑
j=1
misj ,isj+1,...,isj+ksj +
k∑
u,v=1
∣∣Cisu ,isu+1,...,isu+ksu ⋂Cisv ,isv+1,...,isv+ksv ∣∣




Corollary 3.6. Let ∆s(G
1
n,2) be a spanning simplicial complex of a graph with 2
cycles of lengths m1, m2 having one edge common, then the dim(∆s(G
1
n,2)) = n − 3
with f−vectors f(∆s(G
1
n,2)) = (f0, f1, . . . , fn−3) and
fi =
(
n
i+ 1
)
−
[(
n−m1
i+ 1−m1
)
+
(
n−m2
i+ 1−m2
)
+
(
n−m1,2
i+ 1−m1,2
)]
+[(
n−m1 −m2 + |C1 ∩ C2|
i+ 1−m1 −m2 + |C1 ∩ C2|
)
+
(
n−m1 −m1,2 + |C1 ∩ C1,2|
i+ 1−m1 −m1,2 + |C1 ∩ C1,2|
)
+(
n−m2 −m1,2 + |C2 ∩ C1,2|
i+ 1−m2 −m1,2 + |C2 ∩ C1,2|
)]
+[(
n−m1 −m2 −m1,2 + |C1 ∩ C2|+ |C1 ∩ C1,2|+ |C2 ∩ C1,2|
i+ 1−m1 −m2 −m1,2 + |C1 ∩ C2|+ |C1 ∩ C1,2|+ |C2 ∩ C1,2|
)]
where 0 ≤ i ≤ n− 3.
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For a simplicial complex ∆ over [n], one would associate to it the Stanley-Reisner
ideal, that is, the monomial ideal IN (∆) in S = k[x1, x2, . . . , xn] generated by mono-
mials corresponding to non-faces of this complex (here we are assigning one variable
of the polynomial ring to each vertex of the complex). It is well known that the face
ring k[∆] = S/IN (∆) is a standard graded algebra. We refer the readers to [8] and
[12] for more details about graded algebra A, the Hilbert function H(A, t) and the
Hilbert series Ht(A) of a graded algebra.
Our main result of this section is as follows;
Theorem 3.7. Let ∆s(G
1
n,r) be the spanning simplicial complex of G
1
n,r, then the
Hilbert series of the face ring k
[
∆s(G
1
n,r)
]
is given by,
H(k[∆s(G
1
n,r)], t) = 1 +
d∑
i=0
( ni+1)t
i+1
(1−t)i+1
+
d∑
i=0
τ∑
k=1
(−1)k
[
k∑
j=1
r−1∑
ksj=0
r−ksj∑
isj=1


n−
k∑
j=1
misj ,isj+1,...,isj+ksj
+
k∑
u,v=1
∣∣Cisu ,isu+1,...,isu+ksu
⋂
Cisv ,isv+1,...,isv+ksv
∣∣
i+ 1−
k∑
j=1
misj ,isj +1,...,isj+ksj
+
k∑
u,v=1
∣∣Cisu ,isu+1,...,isu+ksu
⋂
Cisv ,isv+1,...,isv+ksv
∣∣


]
ti+1
(1−t)i+1
Proof. From [12], we know that if ∆ is a simplicial complex of dimension d and
f(∆) = (f0, f1, . . . , fd) its f -vector, then the Hilbert series of face ring k[∆] is given
by
H(k[∆], t) = 1 +
d∑
i=0
fit
i+1
(1− t)i+1
.
By substituting the values of fi’s from Proposition 3.5 in this above expression, we
get the desired result. 
4. Associated primes of the facet ideal IF(∆s(G
1
n,r))
We present the characterization of all associated primes of the facet ideal IF (∆s(G
1
n,r))
of spanning simplicial complex ∆s(G
1
n,r) in this section.
Associated to a simplicial complex ∆ over [n], one defines the facet ideal IF(∆) ⊂
S, which is generated by square-free monomials xi1 . . . xis, where {vi1, . . . , vis} is a
facet of ∆.
Lemma 4.1. If ∆s(G
1
n,r) be the spanning simplicial complex of the r-cycles graph
G1n,r, then
IF (∆s(G
1
n,r)) =
(
1≤i≤r⋂
et 6∈Ci
(xt)
)⋂ 2≤jα≤r−1⋂
2≤iα 6=iβ≤mjα−1
(xjαiα , xjαiβ)


⋂ ⋂
2≤iα 6=iβ≤m1
(
x1iα , x1iβ ,
)⋂

 ⋂
1≤iα 6=iβ≤mr−1
(
xriα , xriβ ,
)
Proof. Consider the spanning simplicial complex ∆s(G
1
n,r) and let IF (∆s(G
1
n,r)) be
the facet ideal of ∆s(G
1
n,r). Since from [4, Proposition 1.8], we know that a min-
imal prime ideal of the facet ideal IF(∆) has one to one correspondence with the
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minimal vertex cover of the simplicial complex. Therefore, in order to compute the
primary decomposition of the facet ideal IF(∆s(G
1
n,r)); it is sufficient to compute all
the minimal vertex cover of ∆s(G
1
n,r).
Indeed clear from the definition of ∆s(G
1
n,r) and by Lemma 3.4 that {et} is a
minimal vertex cover of ∆s(G
1
n,r) such that et 6∈ Ci ∀ i ∈ {1, . . . , r} . Moreover,
{ejαiα, ejαiβ} is also a minimal vertex cover of ∆s(G
1
n,r) with 2 ≤ iα 6= iβ ≤ mjα−1 for
jα ∈ {2, . . . , r−1} , 2 ≤ iα 6= iβ ≤ m1 for jα = 1 and 1 ≤ iα 6= iβ ≤ mr−1 for jα = r.
Indeed for any Eˆ(j1i1,j2i2,...,jrir) ∈ s(G
1
n,r) the intersection {ejαiα , ejαiβ}∩Eˆ(j1i1,j2i2,...,jrir)
is nonempty. 
5. Cohen-Macaulayness of the face ring of ∆s(G
1
n,r)
In this section, we include some definitions and results from [2] and use them to
show that the face ring of ∆s(G
1
n,r) is Cohen-Macaulay.
Definition 5.1. [2]
Let I ⊂ S = k[x1, x2, . . . , xn] be a monomial ideal, we say that I will have the
quasi-linear quotients, if there exists a minimal monomial system of generators
m1, m2, . . . , mr such that mindeg(Iˆmi) = 1 for all 1 < i ≤ r, where
Iˆmi = (m1, m2, . . . , mi−1) : (mi).
Theorem 5.2. [2] Let ∆ be a pure simplicial complex of dimension d over [n].
Then ∆ will be a shellable simplicial complex if and only if IF(∆) will have the
quasi-linear quotients.
Corollary 5.3. [2] If the facet ideal IF(∆) of a pure simplicial complex ∆ over [n]
has quasi-linear quotients, then the face ring is Cohen Macaulay.
Theorem 5.4. The face ring of ∆s(G
1
n,r) is Cohen-Macaulay.
Proof. By corollary 5.3, it is sufficient to show that IF
(
∆s(G
1
n,r)
)
has a quasi-linear
quotients in S = k[x11, x12, . . . , x1m1 , x21, x22, . . . , x2(m2−1), . . . , xr1, xr2, . . . ,
xr(mr−1), x1, x2, . . . , xt]. By lemma 3.4, we have
s(G1n,r) = C(1)
⋃
C(2)
⋃
C(3a)
⋃
C(3b)
⋃
C(3c)
Therefore,
∆s(G
1
n,r) =
〈
Eˆ(j1i1,j2i2,...,jrir) = E\{ej1i1 , ej2i2 , . . . , ejrir} | Eˆ(j1i1,j2i2,...,jrir) ∈ s(G
1
n,r)
〉
and hence we can write,
IF(∆s(G
1
n,r)) =
(
xEˆ(j1i1,j2i2,...,jrir)
| Eˆ(j1i1,j2i2,...,jrir) ∈ s(G
1
n,r)
)
.
Here IF(∆s(G
1
n,r)) is a pure monomial ideal of degree n − r with xEˆ(j1i1,j2i2,...,jrir)
as the product of all variables in S except xj1i1 , xj2i2 , . . . , xjrir . Now we will show
that IF(∆s(G
1
n,r)) has quasi-linear quotients with respect to the following generating
system:
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{xEˆ(11,21,...,r1)}, {xEˆ(11,21,...,(r−1)1,jr ir) | ir 6= 1}, {xEˆ(11,21,...,(r−2)1,(r−1)ir−1,jrir)
| ir−1 6= 1},
{xEˆ(11,21,...,(r−3)1,(r−2)ir−2,jr−1ir−1,jrir)
| ir−2 6= 1}, . . . , {xEˆ(11,2i2,j3i3...,jrir)
| i2 6= 1},
{xEˆ(1i1,j2i2,...,jrir)
| i1 6= 1}
Let us put
C(11,21,...,(r−1)1,jrir) = {xEˆ(11,21,...,(r−1)1,jrir)
| ir 6= 1},
C(11,21,...,(r−2)1,(r−1)ir−1,jrir) = {xEˆ(11,21,...,(r−2)1,(r−1)ir−1,jrir)
| ir−1 6= 1},
...
C(1i1,j2i2,...,jrir) = {xEˆ(1i1,j2i2,...,jrir)
| i1 6= 1}.
Also for any C(j1i1,j2i2,...,jrir), denote C¯(j1i1,j2i2,...,jrir) as the residue collection of all
the generators which precedes C(j1i1,j2i2,...,jrir) in the above order. We will show that
(C¯(j1i1,j2i2,...,jrir)) : (xEˆ(j1i1,j2i2,...,jrir)
)
contains atleast one linear generator.
Now for any generator xEˆ(11,...,(k−1)1,jkik,...,jrir)
, the above said system of generators
guarantee the existence of a generator xEˆ(11,...,(k−1)1,jαiα,jk+1ik+1,...,jrir)
in C¯(11,...,(k−1)1,jkik,...,jrir)
such that jαiα 6= jkik. Therefore, by using the definition of colon ideal it is easy to
see that
(C¯(11,...,(k−1)1,jkik,...,jrir)) : (x(11,...,(k−1)1,jkik,...,jrir))
contains a linear generator xjkik . Hence IF(∆s(G
1
n,r)) has quasi-linear quotients, as
required. 
We conclude this section with an example.
Example 5.5. For the graph G110,2 given in Fig. 1., the facet ideal of the spanning
simplicial complex is:
IF (∆s(G
1
10,2)) = (x11,21, C11,j2i2, C1i1,j2i2)
where C11,j2i2 = x11,22, x11,23, x11,12, x11,13 and C1i1,j2i2 = x12,21, x12,22, x12,23, x13,21, x13,22, x13,23.
It is easy to see that, IF(∆s(G
1
10,2)) has quasi-linear quotients with respect to the
ordering given to its generators (by applying above theorem). Hence the face ring
of ∆s(G
1
10,2) is Cohen Macaulay.
References
[1] Anwar I, Raza Z and Kashif A. Spanning Simplicial Complexes of Uni-Cyclic Graphs. Algebra
Colloquium 2015; 22(4) : 707− 710.
[2] Anwar I and Raza Z. Quasi-Linear Quotients and Shellability Of Pure Simplicial Complexes.
Communications in Algebra 2015; 43 : 4698− 4704.
[3] Bruns W and Herzog J. Cohen Macaulay Rings. Vol.39, Cambridge studies in advanced math-
ematics, revised edition, 1998.
[4] Faridi S. The Facet Ideal of a Simplicial Complex. Manuscripta Mathematica 2002; 109 : 159−
174.
[5] Faridi S. Simplicial Tree are Sequentially Cohen-Macaulay. J. Pure and Applied Algebra
2004; 190 : 121− 136.
11
[6] Guo J and Wu T. On Spanning Complex of a Finite Graph.
2015;http : //www.researchgate.net/publication/262070008 Spanning Simplicial Complex.
[7] Harary F. Graph Theory. Reading, MA: Addison-Wesley. 1994.
[8] Herzog J and Hibi T. Monomial Algebra. Springer-Verlag New York Inc. 2009.
[9] Kashif A, Anwar I and Raza Z. On The Algebraic Study of Spanning Simplicial Complex of
r−Cycles Graphs Gn,r. ARS Combinatoria 2014; 115 : 89− 99.
[10] Miller M and Sturmfels B. Combinatorial Commutative Algebra. Springer-Verlag New York
Inc. 2005.
[11] Pan Y, Li R and Zhu G. Spanning Simplicial Complexes of n−Cyclic Graphs with a Common
Vertex. International Electronic Journal of Algebra. 2014; 15 : 132144.
[12] Villarreal RH. Monomial Algebras. Dekker, New York. 2001.
[13] Zhu G, Shi F and Geng Y. Spanning Simplicial Complexes of n−Cyclic Graphs With a Com-
mon Edge. International Electronic Journal of Algebra. 2014; 15 : 132− 144.
E-mail address : kashif.khan@umt.edu.pk, zraza@sharjah.ac.ae, iimrananwar@gmail.com
12
